The analytical surface charge model is used to calculate the magnetic field of magnets in 3D in an unbounded domain. The method combines high accuracy with a short calculation time. However, in the classical method the relative permeability of the magnet is assumed to be equal to air. This introduces an error in the resulting magnetic field strength. In this paper the permeability of the magnet is taken into account in the form of a redistribution of magnetic surface charge. As such, an exact solution for the magnetic field at low relative permeability is obtained. The interaction force between two magnets is calculated using the newly obtained expressions for the magnetic field and compared with FEM and measurements.
I. INTRODUCTION

M
ANY devices rely on the interaction force exerted between two magnets. Some examples are magnetic bearings, couplings, and vibration isolation [1] . Especially vibration isolation systems, which combine a high force capability with a low stiffness at the same time, are sensitive to modeling errors. Hence, an accurate modeling technique is necessary in order to obtain a good performance.
Analytical models offer such high accuracy at a greatly reduced calculation time with respect to the 3D Finite Element Method. However, models constructed with the classical analytic surface charge method [1] - [5] do not take the relative permeability of the magnets into account. This affects the accuracy of the model. In the next sections, the surface charge model of two permanent magnets in free space is discussed. Furthermore, a method to take the permeability of the permanent magnets into account is applied and an improved surface charge model is obtained. The obtained results for the interaction force between two magnets in free space are verified by comparison with 3D FEM results and measurements.
II. ANALYTIC CHARGE MODEL OF PERMANENT MAGNETS IN FREE SPACE
The analytic surface charge method enables the modeling of the magnetic field of magnetic structures in 3D in absence of boundary conditions. The obtained solution for the magnetic field is not mesh based and therefore shows high accuracy at large gradients of the magnetic field near the edges of the magnet.
The Maxwell equations are solved by introducing a scalar magnetic potential; by which means an equivalent charge model of the permanent magnet is obtained [6] . This scalar magnetic potential is used to obtain the analytical magnetic field expressions [7] for a cuboidal magnet. However, the expressions for the magnetic field in three dimensions induced by a permanent magnet are deducted from Maxwell's equations under the assumption that the relative permeability in the whole model. Since NdFeB permanent magnets exhibit a relative permeability of approximately 1.03-1.07, this assumption results in a small modeling error which is discussed in [8] for maglev systems.
The magnetization of a magnet is assumed to be rigid and uniform within a magnet. Therefore, the resulting charge distribution consists of only surface charges. The surface charge, , imposed on the surfaces of the magnet is defined by the dot product
The vector is the magnetization, is the remanent flux density of the magnet, is the normal vector on the surface, and is the magnetic permeability of vacuum. The expression for the magnetic scalar potential, , is given by (2) is the Green's function, is the position vector defined by is the surface position vector defined by , and is the integration surface. Using (2) and (3) the field of the magnet in free space can be expressed as (4) With these equations the Lorentz force between two orthogonally magnetized magnets, illustrated in Fig. 1 , can be obtained as is shown in [9] for magnets with a relative permeability of .
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III. RELATIVE PERMEABILITY IN THE CHARGE MODEL
The assumption that in the section above leads to a solution for the magnetic flux density outside the magnet which is too large. In order to calculate a more accurate solution of the magnetic field of a magnet its relative permeability has to be taken into account. In [10] , [11] it is proposed to define an equivalent magnetic charge to account for the relative permeability of the material. The method is applied to a boundary between the magnet and the surrounding air as is illustrated in Fig. 2 .
The magnetic flux density in the magnet, region 1, can be expressed as (5) where is the permeability of air, is the relative permeability of the permanent magnet and is the residual magnetization of the permanent magnet. In case of the magnetic charge model, the magnetic flux density is obtained using (4) . Hence, the magnetic flux density in region 1 is expressed as (6) This expression leads to the result that magnetic materials can be replaced by the distribution of surface charges. The real magnetic field is replaced by an equivalent magnetic field in which there are no magnetic materials and the equivalent magnetic surface charges are placed in vacuum . The equivalent magnetization is composed of a primary and secondary magnetization. The primary magnetization represents the ideal source of the magnetic field. The secondary magnetization represents the induced magnetic charge in the material of region 1. This is expressed in the following equation for the magnetization (7) By combining (5) and (6), the equivalent magnetization of region 1 can be found and is expressed as (8) With the expression for the equivalent magnetization, (8) , an equivalent charge can be calculated [7] (9) in which and are the normal components of the magnetic flux density and the residual flux density. It is assumed that the resulting magnetic field of the magnet is parallel to the magnetization vector. A similar expression can be derived for the equivalent magnetic charge in region 2.
In order to calculate the equivalent magnetization of the permanent magnet, region 1 in Fig. 2 , the field on both sides of the boundary are written as and .
and are the self fields on both sides of the boundary generated by the equivalent surface charge , representing the magnetic field due to the magnetization and material properties of the two regions considered. The self fields are related as . is the external magnetic field due to sources outside the two regions considered.
The magnetic field density in a region can be expanded as a summation of several sources. Equation (5) for region 1 can be written as [11] (10)
The resulting magnetic field intensity from the equivalent charge can be expressed as (11) (12) (13) (14) Assuming that region one is magnetized and region 2 is air ( and ) an expression for the equivalent magnetic charge can be derived Inserting (18) in (17) and using gives the expression for the equivalent magnetic charge in region 1 (19) Using (19) the final expression for the equivalent magnetic charge in region 2 can be calculated
The calculated equivalent magnetic charge of region 1 can be used in the force calculation by inserting the equivalent remanent flux density of the magnet in the obtained equation for the force in [9] . The equivalent remanent flux density can be calculated from the previously obtained equivalent magnetic charge using the equation (21) In order to verify the resulting magnetic field in the air surrounding the magnet, a comparison is performed between the surface charge model with [9] , the surface charge model with and 3D FEM with . The remanent flux density of the magnet is in all models. The magnetic field is calculated on a surface of by at a height of 1 mm above the top surface of magnet I. Fig. 3 shows the obtained magnetic field in the z direction for the surface charge model with and Fig. 4 shows the difference of the analytically obtained magnetic field in the z direction and the field from 3D FEM. From Fig. 3 it is clear that the surface charge model obtains a smooth magnetic field, even at the edges of the magnet. Fig. 4 shows that the obtained magnetic field differs from the result of the 3D FEM model at the edges of the magnet. The difference is considered to be numerical noise that occurs as FEM has difficulties modeling the large gradients near the magnet edges.
In order to compare the difference in accuracy of the surface charge model with and the surface charge model with , the difference between analytically obtained solution and FEM is plotted along a line over the magnet. This line has a length of 2 along the x axis and is centered at the origin of magnet I at a height of 1 mm above the surface of the magnet.
From Fig. 5 can be seen that the surface charge model which accounts for the relative permeability of the magnet has little deviation from the result obtained with the 3D FEM model that includes relative permeability. As expected, the surface charge model which neglects the relative permeability of the magnet matches with the FEM model with a relative permeability for the magnet of . The surface charge model which neglects the relative permeability of the magnet has a deviation of 7.5 mT for the calculated magnetic flux density in comparison with the FEM model that includes relative permeability. The surface charge model which accounts for the relative permeability of the magnet deviates 0.5 mT.
However, the model is only accurate for relatively low values of relative permeability , which is indicated in Fig. 6 . This may be the result of the assumption that the magnetic field inside the magnet is parallel to the magnetization vector. Further research is needed to obtain a model which is suitable for higher values of relative permeability. This would enable soft magnetic materials of finite dimensions in the charge model.
IV. EXPERIMENTAL VERIFICATION
To validate the performance of the analytic model which accounts for the relative permeability of the magnet described above, the results are compared with the analytic and FEM model and experiments. The test setup is shown in Fig. 7 . The figure shows that one of the magnets is attached to a linear machine and is moved horizontally, while the other magnet is on a fixed position and moved manually. The dimensions and magnetization of the setup are given in Table I . The relative permeability of the magnets is and the remanent flux density . Fig. 8 shows the results of the analytical 03% from the measurements. The FEM model deviates 3.01% from the measurements at peak force. In comparison, the analytical model which neglects the relative permeability gives a force in the x-direction at position 0 mm of 30.85 N. This is a 1.85% difference with the FEM model and 1.22% with the measurements.
V. CONCLUSION
The paper presented an approach to account for the relative permeability of the magnets in the charge model. The equivalent magnetic charge of the magnet is calculated based on the magnetic remanence and the relative permeability of the magnet. The equivalent magnetic charge is then used in the charge model. This results in a more accurate flux density distribution in the air surrounding the magnet and more accurate force calculation. However, due to the assumption that the magnetic field in the magnet is inline with the magnetization direction, the method is only accurate for relatively low values of relative permeability and improvement is necessary to enable the modeling of iron parts.
